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Abstract
We will give a sharp bound for the regularity index of arbitrary fat points in P3 which
generalizes Segre bound for the regularity of fat points in general position. c© 2000 Elsevier
Science B.V. All rights reserved.
MSC: 13C20; 13D40
1. Introduction
Let P1; : : : ; Ps be distinct points in the projective space Pn := Pn(k), where k is an
arbitrary eld. Denote by }1; : : : ; }s the prime ideals in the polynomial ring
R := k[X0; : : : ; Xn] corresponding to the points P1; : : : ; Ps. Let m1; : : : ; ms be positive
integers. We will denote by Z the zero-scheme dened by the ideal }m11 \    \}mss
and call Z a set of fat points in Pn.
Let A := R=(}m11 \    \}mss ) be the homogeneous coordinate ring of Z . It is well
known that A is a one-dimensional Cohen{Macaulay graded ring whose multiplicity is
e =
sX
i=1

mi + n− 1
n

:
The regularity index of Z is dened to be the least integer t such that the Hilbert
function HA(t) := dimk At reaches the multiplicity of A and we will denote it by
reg(Z). It is well known that reg(Z) is equal to the Castelnuovo{Mumford regularity
of A. Hence we will also denote it by reg(A). There has been much interest to nd
sharp upper bounds for reg(Z).
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Let us assume m1      ms from now on. For almost all sets of s points in P2,
Segre [10] found the upper bound:
reg(Z)  max
(
m1 + m2 − 1;
"
1
2
sX
i=1
mi
#)
:
Such a set of points is always in general position which means that no n + 1 points
of X lie on a hyperplane of Pn. For fat points in general position in P2, Davis and
Geramita [4] gave rst the bound reg(Z)  [sm=2] for the case m1 =    = ms = m.
Then Catalisano [1,2] successfully proved the bound
reg(Z)  max
(
m1 + m2 − 1;
"
1
2
sX
i=1
mi
#)
for arbitrary fat points in general position in P2. This result was extended to fat points
in general position in Pn by Catalisano et al. [3]. They showed that
reg(Z)  max
(
m1 + m2 − 1;
"
1
n
 
sX
i=1
mi + n− 2
!#)
and that this bound is sharp for fat points lying on a rational normal curve. We will
call it the Segre bound. For the regularity index of fat points with stronger properties
see e.g. [7{9,12].
For arbitrary fat points in P2, an upper bound for the regularity index was rst given
by Fulton [6]:
reg(Z) 
sX
i=1
mi − 1:
It was later extended by Davis and Geramita [4] to fat points in Pn and they also
showed that this bound is attained if and only if P1; : : : ; Ps lie on a line of Pn. Recently,
Fatabbi [5] gave the following generalized version of Segre bound for arbitrary fat
points in P2:
reg(Z)  max
(
h− 1;
"
1
2
sX
i=1
mi
#)
;
where h=maxfmi1 +   +miq jPi1 ; : : : ; Piq are collinearg. It is clear that h−1 is Fulton’s
bound when P1; : : : ; Ps lie on a line, and h − 1 = m1 + m2 − 1 when P1; : : : ; Ps are in
general position.
The above results lead to the following conjecture for arbitrary fat points in Pn:
Conjecture. For j = 1; : : : ; n put
Tj =max

1
j
(mi1 +   + miq + j − 2)

jPi1 ; : : : ; Piq lie on a linear j-space

:
Then reg(Z)  maxfTj j j = 1; : : : ; ng:
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There is some evidence suggesting that this conjecture has an armative answer.
For instances, if n = 2, then T1 = h − 1; T2 = [ 12
Ps
i=1 mi], and we obtain Fatabbi’s
bound. If n is arbitrary and the points are in general position,
Tj =

1
j
(m1 +   + mj+1 + j − 2)

; j = 1; : : : ; n− 1;
Tn =
"
1
n
 
sX
i=1
mi + n− 2
!#
:
In this case, T1      Tn−1, whence maxfTj j j = 1; : : : ; ng = maxfT1; Tng which is
exactly Segre bound.
In this paper, we will prove the above conjecture for n= 3.
Theorem 1.1. Let Z be an arbitrary set of fat points in P3. Let T1; T2; T3 be dened
as above. Then
reg(Z)  maxfTj j j = 1; 2; 3g:
Fatabbi’s bound for the regularity index of fat points in P2 is only a consequence
of this bound (the case all the points P1; : : : ; Ps lie on a hyperplane).
2. Preliminaries
We shall need the following two lemmas which have been proved in [3] (see
also [11]).
The rst lemma allows us to compute the regularity of fat points by induction on
the number of the points.
Lemma 2.1 (Catalisano et al. [3, Lemma 1]). Let P1; : : : ; Pr; P be distinct points in
Pn and let } be the dening ideal of P. If m1; : : : ; mr and a are positive integers,
J := }m11 \    \}mrr ; and I = J \}a; then
reg(R=I) = maxfa− 1; reg(R=J ); reg(R=(J +}a))g:
We may estimate reg(R=J ) by the induction hypothesis. Therefore, to compute
reg(R=I) it is sucient to estimate reg(R=(J + }a)), for which the following lemma
provides an eective tool.
Lemma 2.2 (Catalisano et al. [3, Lemma 3]). Let P1; : : : ; Pr be distinct points in Pn
and m1; : : : ; mr; a positive integers. Put J =}m11 \  \}mrr and }=(X1; : : : ; Xn). Then
reg(R=(J +}a))  b
if and only if X b−i0 M 2 J + }i+1 for every monomial M of degree i in X1; : : : ; Xn;
i = 0; : : : ; a− 1.
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To nd such a number b, we will give an integer t = t(J ) such that there are t
hyperplanes L1; : : : ; Lt avoiding P and L1   Lt 2 J . Using this result we can nd, for
every monomial M; tM hyperplanes L1; : : : ; LtM avoiding P such that L1   LtMM 2 J .
Since we can write Lj=X0+Gj for some linear form Gj 2 }, we get X tM0 M 2 J+}i+1.
Therefore, if we put t = maxftM + i jM is a monomial of degree i; 0  i  a − 1g;
then
reg(R=(J +}a))  t:
Proposition 2.3. Let P1; : : : ; Pr; P be distinct points in P3; m1; : : : ; mr positive integers
and J := }m11 \    \}mrr . For i = 1; 2; 3 put
ti(J ) := max

mH + i − 1
i

jH is a linear i-space containing P

;
where mH :=
P
Pi2H mi: Let
t(J ) := maxfti(J ) j i = 1; 2; 3g:
Then we can nd t  t(J ) hyperplanes; say L1; : : : ; Lt ; avoiding P such that L1   
Lt 2 J .
Proof. Put X =fP1; : : : ; Prg. The case t(J )=1 is trivial because m1 =   =mr=1 and
X has atmost three points. If t(J )  2, it suces to show that there exists a hyperplane
L avoiding P such that if we dene
J 0 :=
0
@ \
Pi 62L
}mii
1
A \
 \
Pi2L
}mi−1i
!
then t(J 0)  t(J ) − 1. In fact, by induction we may assume that there are t0  t(J 0)
hyperplanes, say L1; : : : ; Lt0 , avoiding P such that L1   Lt0 2 J 0. Then the conclusion
will follow because
L1   Lt0L 2 J 0L J:
To nd such a hyperplane L we shall need the following observations.
Let ‘1; : : : ; ‘c be the lines ‘ containing P with m‘ = t(J ).
Claim 1. (i) c  3: (ii) If c = 3; then X  ‘1 [ ‘2 [ ‘3.
Proof. (i) Note that ‘i \ ‘j = fPg for any pair of two dierent lines ‘i; ‘j. Then
m‘i\‘j = 0. Therefore, if c  4,
t3(J )  [ 13 (m‘1 + m‘2 + m‘3 + m‘4 + 2)]>t(J )
which is a contradiction.
(ii) If there exists a point Pj 62 ‘1 [ ‘2 [ ‘3, then
t3(J )  [ 13 (m‘1 + m‘2 + m‘3 + mj + 2)]>t(J )
which is a contradiction.
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Claim 2. (i) If H is a hyperplane containing two dierent lines ‘i; ‘j; then
[(mH + 1)=2] = t(J ).
(ii) If H is a hyperplane containing P with [(mH + 1)=2] = t(J ); then there is at
most a line ‘i; ‘i 6H .
Proof. (i) We have
t(J )  t2(J ) 

mH + 1
2



1
2
(m‘i + m‘j + 1)

= t(J ):
(ii) Since [(mH + 1)=2] = t(J ), we get mH  2t(J ) − 1. If there are two dierent
lines ‘i 6H; ‘j 6H , then ‘i \ H = ‘j \ H = fPg. Hence
t3(J ) [ 13 (mH + m‘i + m‘j + 2)]
 [ 13 (2t(J )− 1 + t(J ) + t(J ) + 2)]
= t(J ) +

t(J ) + 1
3

>t(J )
which is a contradiction.
Since t(J )> 1, the hyperplanes H containing P with [(mH+1)=2]=t(J ), are nitely
many. Let H1; : : : ; Hd be these hyperplanes H .
Claim 3. If c=1; then ‘1Hi [Hj for any pair of two dierent hyperplanes Hi; Hj.
Proof. If l1 6Hi [ Hj, then we get mHi\Hj  t(J )− 1 because ‘1 6= Hi \ Hj. Thus,
t3(J ) [ 13 (mHi + mHj − mHi\Hj + m‘1 + 2)]
 [ 13 (2t(J )− 1 + 2t(J )− 1 + 3)]
 t(J ) + [13 (t(J ) + 1)]>t(J )
which is a contradiction.
Claim 4. (i) If mH1 = mH2 = 2t(J ); then mH1\H2 = t(J ).
(ii) If H1 \ H2 \ X = ;; then t(J ) = 2; mH1 = mH2 = 3 and X H1 [ H2.
Proof. (i) We have
t(J ) t3(J )  [ 13 (mH1 + mH2 − mH1\H2 + 2)]
 [ 13 (2t(J ) + 2t(J )− mH1\H2 + 2)]
 t(J ) + [13 (t(J )− mH1\H2 + 2)]:
This implies mH1\H2 = t(J ).
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(ii) If H1 \ H2 \ X = ;, then mH1\H2 = 0. If t(J )  3, we get
t3(J ) [ 13 (mH1 + mH2 − mH1\H1 + 2)]
 [ 13 (2t(J )− 1 + 2t(J )− 1− mH1\H2 + 2)]
 t(J ) +

t(J )
3

>t(J )
which is a contradiction. So we get t(J ) = 2. Since
mH1 + 1
2

=

mH2 + 1
2

= t(J ) = 2
we get mH1  3 and mH2  3. Moreover,
t(J ) = 2  t3(J ) =
"
1
3
 
rX
i=1
mi + 2
!#


mH1 + mH2 + 2
3

:
Hence
Pr
i=1 mi = 6 and mH1 = mH2 = 3. Thus, X H1 [ H2.
Claim 5. If t(J )  4; then d  3.
Proof. We have 2t(J )− 1  mHi  2t(J ) and mH1\H2  t(J ). Put m0=
P
Pi 62H1[H2 mi.
Then
t(J ) t3(J ) = [13 (mH1 + mH2 − mH1\H2 + m0 + 2)]


1
3
(3t(J ) + m0)

= t(J ) +

m0
3

:
Thus, m0  2. If t(J )  4, we get m0  2  t(J ) − 2. Hence, any hyperplane H
containing H1 \ H2 with H 6= H1; H2 has
mH  mH1\H2 + m0  2t(J )− 2
and therefore [(mH + 1)=2]<t(J ). So, if d  4, we get Hi \ H1 6= H1 \ H2; i  3.
Analogously, we get Hi \ Hj 6= Hp \ Hq, for dierent i; j; p; q. It follows that
t(J )  t3(J )
2
641
3
0
B@ 4X
i=1
mHi −
4X
i; j=1
i 6=j
mHi\Hj + 2
1
CA
3
75

2
641
3
0
B@4(2t(J )− 1)− 4X
i; j=1
i 6=j
mHi\Hj + 2
1
CA
3
75
= t(J ) +
2
641
3
0
B@5t(J )− 2− 4X
i; j=1
i 6=j
mHi\Hj
1
CA
3
75 :
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This implies
4X
i; j=1
i 6=j
mHi\Hj  5t(J )− 4
and therefore
t(J )  t3(J )
"
1
3
 
rX
i=1
mi + 2
!#

2
641
3
0
B@ 4X
i; j=1
i 6=j
mHi\Hj + 2
1
CA
3
75


1
3
(5t(J )− 2)

>t(J )
which is a contradiction.
Claim 6. Let d  3. If H1 \ H2 = H1 \ H3; then mH1\H2 = t(J ) and there exists
1  i  3 such that mHin(H1\H2) = t(J )−1. Furthermore; if c=0; then Hi \Hj \X 6= ;
for all i 6= j.
Proof. If H1\H2=H1\H3, then H1\H2=H1\H3=H2\H3. Assume that mH1\H2 <t(J ).
Since mHi  2t(J )− 1, we get mHin(H1\H2) = mHi − mH1\H2  t(J ), i = 1; 2; 3. Thus,
t3(J )  [ 13 (mH1 + mH2n(H1\H2) + mH3n(H1\H2) + 2)]  [ 13 (4t(J ) + 1)]>t(J )
which is a contradiction. So we get mH1\H2 = t(J ). If mHin(H1\H2)  t(J ) for i=1; 2; 3,
then
t3(J ) 
"
1
3
 
mH1\H2 +
3X
i=1
mHin(H1\H2) + 2
!#


1
3
(4t(J ) + 2)

>t(J )
which is a contradiction.
Assume that c= 0 and there exist i 6= j such that Hi \Hj \ X = ;. By Claim 4 we
get t(J )=2; X Hi[Hj and mHi =mHj =3. Since c=0, any hyperplane H containing
P such that H 6= Hi; Hj has mH  2. Hence [(mH + 1)=2]  1<t(J ). Thus, d = 2,
which is a contradiction.
Now we return to the proof of Proposition 2:3. By Claim 3 we can distinguish the
following cases:
Case c=0; d=0: Then P; P1; : : : ; Pr do not lie on a hyperplane and t3(J )>maxft1(J );
t2(J )g. In this case, there always exists a hyperplane L passing through three points
of X and avoiding P. Then ti(J 0)  ti(J ); i = 1; 2, and t3(J 0)  t3(J ) − 1. Hence
t(J 0)  t(J )− 1.
Case c = 0; d = 1: If X 6H1, there exists a hyperplane L passing through points
Pj 62 H1; Pu 2 H1; Pv 2 H1 and avoiding P. Then t1(J 0)  t1(J )<t(J ); ti(J 0)
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 ti(J ) − 1; i = 2; 3. Thus, t(J 0)  t(J ) − 1. If X H1, then either t3(J )<t2(J ),
or mH1 =4 and t3(J )= t2(J )=2. Let X H1 and t3(J )<t2(J ). Since c=0; X do not
lie on a line containing P. Thus, we can always choose a hyperplane L passing through
two points of X and avoiding P. Then ti(J 0)  ti(J )<t(J ); i=1; 3; t2(J 0)  t2(J )−1.
Hence t(J 0)  t(J )− 1. Now let X H1; mH1 = 4 and t2(J ) = t3(J ). Then X consists
of four simple points on H1, not two of them on a line containing P. Choose L to be a
hyperplane passing through two points of X and avoiding P. Then ti(J 0)  1; i=1; 2; 3.
Hence t(J 0)  t(J )− 1.
Case c = 0; d = 2: If H1 \ H2 \ X 6= ;, there exists Pj 2 H1 \ H2. Choose a
hyperplane L passing through points Pu 2 (H1 nH2) \ X; Pv 2 (H2 nH1) \ X and Pj.
Since P; Pj; Pu 2 H1 do not lie on a line and L 6= H1, we get P 62 L. Then t1(J 0) 
t1(J )<t(J ); ti(J 0)  ti(J )−1; i=2; 3. Thus, t(J 0)  t(J )−1. If H1\H2\X =;, we
get t(J )=2; mH1=mH2=3 and X H1[H2 by Claim 4. We choose L to be a hyperplane
passing through points Pj 2 H1\X; Pu 2 H2\X; Pv 2 H2\X . Since t(J )=2 and c=0,
any line passing through two points of X avoids P. Thus, P; Pu; Pv 2 H2 do not lie on
a line. Since Pj 62 H2; P 62 L. Then t1(J 0)  t1(J )<t(J ), ti(J 0)  ti(J )− 1; i = 2; 3.
Thus, t(J 0)  t(J )− 1.
Case c = 0; d = 3: By Claim 6 we have Hi \ Hj \ X 6= ; and Hi \ Hj 6= Hp \ Hq
for all fi; jg 6= fp; qg: Choose L to be a hyperplane passing through points Pj 2
H1 \ H2; Pu 2 H2 \ H3; Pv 2 H1 \ H3. Since H1 \ H2; H1 \ H3; H2 \ H3 are three
dierent lines passing through P which do not lie on a hyperplane, P 62 L. Therefore,
t1(J 0)  t1(J )<t(J ); ti(J 0)  ti(J )− 1; i = 2; 3. Thus, t(J 0)  t(J )− 1.
Case c= 0; d  4: We have t(J )  3 by Claim 5 and Hi \Hj \ X 6= ;; Hi \Hj 6=
Hp \ Hq for dierent fi; jg; fp; qg by Claim 6. If d  5, there are 10 dierent sets
Hi \ Hj \ X 6= ;; i 6= j. This implies
t3(J )  [ 13 (10 + 2)] = 4>t(J )
which is a contradiction. If d=4, there are six dierent sets Hi \Hj \X 6= ;. If there
are two dierent hyperplanes, say Hi; Hj, with mHi=mHj=2t(J ), then mHi\Hj= t(J ) by
Claim 4. This contradicts to the assumption c=0. Thus, there is at most a hyperplane,
say H1 with mH1 =2t(J ). We choose L to be a hyperplane passing through points Pu 2
H1\H2; Pv 2 H1\H3; Pw 2 H4\H2. Since H1\H2 6= H1\H3, the points P; Pu; Pv 2 H1
do not lie on a line. So L 6= H1. Hence P 62 L. Then ti(J 0)<t(J ); i = 1; 2; 3. Thus,
t(J 0)  t(J )− 1.
Case c=1; d=0: If P1; : : : ; Pr; P lie on a hyperplane, then t3(J )  t2(J )<t1(J )=
t(J ) because d = 0. We can always choose a hyperplane L passing through a point
of X \ ‘1 and avoiding P. Then t1(J 0) = t1(J ) − 1; ti(J 0)  ti(J )<t(J ); i = 2; 3.
Hence t(J 0)  t(J )− 1. If P1; : : : ; Pr; P do not lie on a hyperplane, we can choose a
hyperplane L passing through points Pj 2 ‘1; Pu 62 ‘1; Pv 62 ‘1 and avoiding P. Then
t2(J 0)  t2(J )<t(J ); ti(J 0)  ti(J )− 1; i = 1; 3. Hence t(J 0)  t(J )− 1.
Case c=1; d=1: Since [(mH1 +1)=2]=m‘1 = t(J ), we have X \H1 6 ‘1. If ‘1 6H1,
there exist Pj 2 ‘1nH1. Since [(mH1 + 1)=2] = t(J ), there exist points Pu; Pv 2 H1 such
that P; Pu; Pv do not lie on a line. We choose L to be a hyperplane passing through
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Pj; Pu, Pv. Since Pj 62 H1 and P; Pu; Pv 2 H1 do not lie on a line, we get P 62 L.
Then ti(J 0)  ti(J ) − 1; i = 1; 2; 3. Thus, t(J 0)  t(J ) − 1. If X 6H1 and ‘1H1,
we choose L to be a hyperplane passing through points Pj 2 ‘1; Pu 2 (X \ H1)n‘1,
Pv 2 X nH1. Since P; Pj; Pu 2 H1 do not lie on a line, L 6= H1. Hence P 62 L. Then
ti(J 0)  ti(J )−1; i=1; 2; 3. Thus, t(J 0)  t(J )−1. If X H1, then either t3(J )<t2(J ),
or t3(J ) = t2(J ) = 2 and mH1 = 4. Since X \ H1 6 ‘1, we can choose a hyperplane L
passing through points Pj 2 ‘1; Pu 2 (X \H1)n‘1 and avoiding P. In case t3(J )<t2(J )
we get ti(J 0)  ti(J ) − 1; i = 1; 2, and t3(J 0)<t3(J ). In case t3(J ) = t2(J ) = 2 and
mH1 = 4 the set X consists of X \ ‘1 and two simple points on H1, these simple points
do not lie on a line containing P. We get ti(J 0) = 1 = t(J ) − 1; i = 1; 2; 3. Hence
t(J 0)  t(J )− 1.
Case c= 1; d= 2: By Claim 3 we get ‘1H1 [H2. We distinguish two subcases:
‘1 =H1 \H2. We choose L to be a hyperplane passing through points Pu 2 ‘1; Pv 2
H1n‘1; Pw 2 H2n‘1. It is clear that P 62 L. Then ti(J 0)  ti(J ) − 1, i = 1; 2; 3. Thus,
t(J 0)  t(J )− 1.
‘1 6= H1\H2: If mH1 =mH2 =2t(J ), then mH1\H2 =t(J ) by Claim 4(i). Since c=1, we
get ‘1=H1\H2, a contradiction. Thus we may assume that mH1 < 2t(J ). If ‘1H2, we
choose L to be a hyperplane passing through points Pu 2 ‘1; Pv 2 H2n‘1; Pw 2 H1nH2.
Since P; Pu; Pv 2 H2 do not lie on a line and Pw 62 H2, we get P 62 L. Then ti(J 0) 
ti(J )− 1; i= 1; 2; 3. Thus, we get t(J 0)  t(J )− 1. If mH1 < 2t(J ) and ‘1 6H2, then
‘1H1 because ‘1H1 [ H2. There always exist points Pu 2 H2; Pv 2 H2 such that
P; Pu; Pv do not lie on a line. Choose L to be a hyperplane passing through points
Pw 2 ‘1; Pu, Pv. Since Pw 62 H2 and since P; Pu; Pv 2 H2 do not lie on a line, we get
P 62 L. Then ti(J 0)  ti(J )− 1; i = 1; 2; 3. Thus, t(J 0)  t(J )− 1.
Case c=1; d=3: By Claim 3 we get ‘1Hi[Hj for all i 6= j. If ‘1=H1\H2\H3,
then by Claim 6 there exists a hyperplane Hj with mHj < 2t(J ). Choose L to be a
hyperplane passing through points Pu 2 ‘1; Pv 2 Hi n‘1; Pw 2 Hq n‘1; i 6= q 6= j.
Since Pu; Pv; P 2 Hi do not lie on a line and Pw 62 Hi, we get P 62 L. Then ti(J 0) 
ti(J )−1; i=1; 2; 3. Thus, t(J 0)  t(J )−1. If there exists a hyperplane, say H3 with ‘1 6
H3, then ‘1=H1\H2 because ‘1Hi[H3; i=1; 2. If mH1 < 2t(J ) and mH2 < 2t(J ),
then there exist points Pv; Pw 2 H3 such that P; Pv; Pw do not lie on a line. We choose
L to be a hyperplane passing through points Pu 2 ‘1; Pv; Pw. Since P; Pv; Pw 2 H3 do
not lie on a line and Pu 2 ‘1 6H3, we get P 62 L. Then ti(J 0)  ti(J )− 1; i = 1; 2; 3.
Thus, t(J 0)  t(J )− 1. If there exists Hi 6= H3 with mHi = 2t(J ), then
t(J ) t3(J )  [ 13 (mHi + mH3 − mHi\H3 + 2)]
 [ 13 (4t(J )− mHi\H3 + 1)] = t(J ) + [13 (t(J )− mH1\H3 + 1)]:
This implies mHi\H3 > 0. Thus X \ Hi \ H3 6= ;. We distinguish the following two
subcases:
mH1 = mH2 = 2t(J ): Then there exist Pv 2 H1 \ H3; Pw 2 H2 \ H3. Choose L to be
a hyperplane passing through points Pu 2 ‘1; Pv, Pw. Since P; Pv; Pw 2 H3 do not lie
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on a line and Pu 2 ‘1 6H3, we get P 62 L. Then ti(J 0)  ti(J ) − 1; i = 1; 2; 3. Thus,
t(J 0)  t(J )− 1.
mHi = 2t(J ); mHj < 2t(J ); i 6= j 6= 3: Then there exists Pv 2 Hi \ H3; Pw 2 H3nHi.
It is clear that P; Pv; Pw 2 H3 do not lie on a line. We choose L to be a hyperplane
passing through points Pu 2 ‘1; Pv; Pw. Since ‘1 6H3, we get Pw 62 H3. Then P 62 L
and ti(J 0)  ti(J )− 1; i = 1; 2; 3. Thus, t(J 0)  t(J )− 1.
Case c= 1; d  4: By Claim 3 we get ‘1Hi [Hj for all i 6= j. This implies that
there is at most a hyperplane, say Hd with ‘1 6Hd. Then ‘1 = H1 \ H2 \    \ Hd−1.
If there are two dierent hyperplanes Hi 6= Hj such that mHi = mHj = 2t(J ), then
mHi\Hj = t(J ) by Claim 4(i). Since c = 1, we get Hi \ Hj = ‘1. Since d  4, there
exists q 6= d such that mHqn‘1 > 0. This implies
t3(J ) t[ 13 (mHi + mHj − m‘1 + mHqn‘1 + 2)]
 [ 13 (3t(J ) + mHqn‘1 + 2)]>t(J )
which is a contradiction. Thus, there are at most a hyperplane, say Hj with mHj=2t(J ).
We will distinguish two subcases:
‘1 =H1 \    \Hd−1 \Hd: We choose L to be a hyperplane passing through points
Pu 2 ‘1; Pv 2 Hjn‘1; Pw 62 Hj. Since P; Pu; Pv 2 Hj do not lie on a line and Pw 62 Hj,
we get P 62 L. Then ti(J 0)  ti(J )− 1; i = 1; 2; 3. Thus, t(J 0)  t(J )− 1.
‘1 = H1 \    \ Hd−1, and ‘1 6Hd: If Hj = Hd, there always exist Pu; Pv 2 Hd such
that P; Pu; Pv do not lie on a line. Choose L to be a hyperplane passing through points
Pu; Pv and a point Pw 2 ‘1. Since P; Pu; Pv 2 Hd do not lie on a line and Pw 2 ‘1 6Hd,
we get P 62 L. Then ti(J 0)  ti(J )− 1; i= 1; 2; 3. Thus, t(J 0)  t(J )− 1. If Hj 6= Hd,
then ‘1Hj. We choose L to be a hyperplane passing through points Pu 2 ‘1; Pv 2
Hjn‘1; Pw 2 HdnHj. It is easily seen that P 62 L. Then ti(J 0)  ti(J )− 1; i = 1; 2; 3.
Thus, t(J 0)  t(J )− 1.
By Claim 2(i), if c = 2, then d  1. Therefore, we have the following cases:
Case c=2; d=1: By Claim 2(i) we get ‘1; ‘2H1. If X 6H1, we can choose L to
be a hyperplane passing through points Pj 2 ‘1; Pu 2 ‘2; Pv 2 X nH1. Since ‘1 6= ‘2,
we get P; Pj; Pu 2 H1 do not lie on a line. Since Pv 62 H1; P 62 L. Then ti(J 0) 
ti(J ) − 1; i = 1; 2; 3. Hence t(J 0)  t(J ) − 1. If X H1, then either t3(J )<t2(J ),
or t3(J ) = t2(J ) = 2 and mH1 = 4. Since ‘1 6= ‘2, we can choose a hyperplane L
passing through points Pj 2 ‘1; Pu 2 ‘2 and avoiding P. In case t3(J )<t2(J ) we
get ti(J 0)  ti(J ) − 1; i = 1; 2, and t3(J 0)  t3(J )<t(J ). In case t3(J ) = t2(J ) = 2
and mH1 = 4 the set X consists of points on ‘1 [ ‘2 with m‘1 = m‘2 = 2. We get
ti(J 0) = 1 = t(J )− 1; i = 1; 2; 3. Hence t(J 0)  t(J )− 1.
Case c=2; d=2: By Claim 2(i) we may assume that H1 is the hyperplane containing
‘1; ‘2. By Claim 2(ii) we get either ‘1H2 or ‘2H2. We may assume that ‘2H2.
Choose L to be a hyperplane passing through points Pj 2 ‘1; Pu 2 ‘2; Pv 2 H2n‘2.
Since ‘1 6= ‘2; P; Pj; Pu 2 H1 do not lie on a line. Since Pv 62 H1, we get P 62 L. Then
ti(J 0)  ti(J )− 1; i = 1; 2; 3. Thus, t(J 0)  t(J )− 1.
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Case c = 2; d  3: We may assume that H1 is the hyperplane passing through
‘1; ‘2. By Claim 2(ii) we get either ‘1Hi or ‘2Hi, for all i 6= 1. If there exist
Hi 6= Hj 6= H1 such that mHi = mHj = 2t(J ), then mHi\Hj = t(J ) by Claim 4(i). Since
c = 2, we get either Hi \ Hj = ‘1 or Hi \ Hj = ‘2. Then
t3(J ) [ 13 (mH1 + mHinH1 + mHjnH1 + 2)]
 [ 13 (2t(J ) + t(J ) + t(J ) + 2)]
= t(J ) + [13 (t(J ) + 2)]>t(J )
which is a contradiction. Thus, there is at most a hyperplane, say Hj; Hj 6= H1 such
that mHj=2t(J ). We choose L to be a hyperplane passing through points Pu 2 ‘1; Pv 2
‘2; Pw 62 H1 (Pw 2 HjnH1 if Hj exists). Since P; Pu; Pv 2 H1 do not lie on a line and
Pw 62 H1, we get P 62 L. Then ti(J 0)  ti(J )−1; i=1; 2; 3. Thus, we get t(J 0)  t(J )−1.
Case c=3: By Claim 2(i) we get [(mH +1)=2]= t(J ) for any hyperplane H passing
through two dierent lines ‘i; ‘j. Thus, by Claim 1(ii) there are exact three dierent
hyperplanes H containing P with [(mH + 1)=2] = t(J ).
We may assume that H1 is the hyperplane containing ‘1; ‘2; H2 is the hyperplane
containing ‘2; ‘3; H3 is the hyperplane containing ‘1; ‘3. Choose L to be a hyperplane
passing through points Pj 2 ‘1; Pu 2 ‘2; Pv 2 ‘3. Since P; Pj; Pu 2 H1 do not lie
on a line and Pv 62 H1, we get P 62 L. Then ti(J 0)  ti(J ) − 1; i = 1; 2; 3. Hence
t(J 0)  t(J )− 1.
The proof of Proposition 2:3 is now complete.
3. Proof of Theorem 1.1
Let }1; : : : ; }s be the ideals of the points P1; : : : ; Ps. Put r = s− 1; J := }m11 \    \
}mrr ; }=}s, and a=ms. As we have seen in Section 2, the crucial step is to estimate
reg(R=(J +}a)).
Proposition 3.1. Let P1; : : : ; Pr; P be distinct points in P3. Let m1      mr  a be
positive integers and J := }m11 \    \}mrr . For j = 1; 2; 3 put
tj =max

1
j
(mH + j − 2 + a)

j H is a linear j-space containing P

;
where mH =
P
Pi2H mi; and t
 := maxftj j j = 1; 2; 3g: Then
reg(R=(J +}a))  t:
Let us rst deduce Theorem 1.1 from Proposition 3.1.
Proof of Theorem 1.1. The case s=1 is trivial. For s> 1 we assume that m1     
ms. By Lemma 2.1
reg(Z) = maxfms − 1; reg(R=J ); reg(R=(J +}ms))g:
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By induction we may assume that
reg(R=J )  maxfT 0j j j = 1; 2; 3g;
where T 0j =maxf[1=j(
Pq
t=1 mit + j− 2)] jPi1 ; : : : ; Piq lie on a linear j-space, it  s− 1g:
By Proposition 3.1 we have
reg(R=(J +}mss ))  maxftj j j = 1; 2; 3g:
Thus
reg(Z)  maxfms − 1; T 01; T 02; T 03; t1 ; t2 ; t3 g:
It is easy to check that ms − 1  T1; tj  Tj and T 0j  Tj for j = 1; 2; 3: Therefore
reg(Z)  maxfTj j j = 1; 2; 3g:
Proof of Proposition 3.1. Let P = (1; 0; 0; 0). By Lemma 2.2 we only need to prove
that X t
−i
0 M 2 J +}i+1 for any monomial M = X c11 X c22 X c33 of degree i in X1; X2; X3;
i = 1; : : : ; a− 1. For j = 1; 2; 3 let
tj(J ) := max

1
j
(mH + j − 1)

jH is a linear j-space containing P

;
where mH :=
P
Pi2H mi; and t(J ) := maxftj(J ) j j = 1; 2; 3g:
If t(J )= t1(J ), by Proposition 2.3 we can nd t1(J ) hyperplanes L1; : : : ; Lt1(J ) avoid-
ing P such that L1   Lt1(J ) 2 J . For every j= 1; : : : ; t1(J ) we can write Lj = X0 +Gj,
where Gj is a form in }. Then X
t1(J )
0 2 J +}. Since M 2 }i; X t1(J )0 M 2 J +}i+1.
It is easily seen that t1(J ) + i  t1(J ) + a− 1 = t1  t. Hence X t
−i
0 M 2 J +}i+1.
If t(J )>t1(J ), let H1; : : : ; Hd be the hyperplanes containing P with
mHi + 1
2

>max

t1(J ); t3(J )−

2a
3

; i = 1; : : : ; d:
Put X = fP1; : : : ; Prg. We shall need the following observations.
Lemma 3.2. (i) If d  2; X n (H1 [ H2) has at most a point Pi. If this point Pi
exists; mi  2a− 2.
(ii) If d  3; then X \ H1 \ H2 6= ; and X \ H1 \ H3 6= X \ H2 \ H3.
(iii) d  4.
(iv) If d=4; X=
S
i 6=j(X \Hi\Hj) and X has exactly six points; whereas X \Hi\Hj
has only a point for all i 6= j.
Proof. (i) Without loss of generality, we may assume that mH1  mH2 . By the assump-
tion we have
mH2 + 1
2
 t3(J )−

2a
3

+ 1

2
41
3
0
@mH1 + mH2 − mH1\H2 + X
Pi2Xn(H1[H2)
mi + 2
1
A
3
5− 2a
3
+ 1:
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This implies
1
2
[4a− 3 + (mH2 − mH1 ) + (2mH1\H2 − mH1 )] 
X
Pi2Xn(H1[H2)
mi:
Since [(mH2 + 1)=2]>t1(J ), we get mH2  2t1(J )+ 1. It is clear that t1(J )  mH1\H2 .
Thus, 2mH1\H2 − mH1  −1: Since mH2 − mH1  0, we get
2a− 2 
X
Pi2Xn(H1[H2)
mi:
Since m1      mr  a; X n (H1 [ H2) has at most a point Pi, and if Pi exists,
mi  2a− 2.
(ii) We may assume that mH1  mH2 . If X H1 [ H2; mH  m(H\H1) + m(H\H2) 
2t1(J ) for every hyperplane H containing P; H 6= H1 and H 6= H2. Hence d  2,
which is a contradiction. So X 6H1 [H2. By (i) the set X n(H1 [H2) consists of only
a point Pi.
If X \ H1 \ H2 = ;; mH1\H2 = 0 and we get
t3(J ) = [13 (mH1 + mH2 + mi + 2)]:
Since [(mH2 + 1)=2]>t3(J )− [2a=3], we get mH2  2t3(J )− 4a=3 + 1. Therefore,
t3(J ) 

1
3

4t3(J )− 8a3 +mi+4

 t3(J )+1 +

1
3

t3(J )+mi− 8a3 +1

:
Hence 13 (t3(J )+mi−8a=3+1)< 0. On the other hand, since [(mH2 +1)=2]>t1(J )  a,
mH2  2a+ 1. Therefore,
t3(J ) 

1
3
(2a+ 1 + 2a+ 1 + mi + 2)

 4a+ mi + 2
3
:
It follows that
t3(J ) + mi − 8a3 + 1 
4a+ 4mi − 8a+ 5
3
> 0
which is a contradiction. Thus, X \ H1 \ H2 6= ;.
If X \H1 \H3 =X \H2 \H3, then mH3 =mH1\H3 +mH3nH1 =mH1\H3 +mH3nH1[H2 
mH1\H3 + mi  2t1. Hence we obtain [(mH3 + 1)=2]  t1(J ), a contradiction.
(iii) Since X \ H1 \ H2 6= X \ H1 \ H3, we have X \ H1 \ H2 6H3 \ X . If d  4,
this implies X \ H1 \ H2 6X \ (H3 [ H4). Hence X n(H3 [ H4) contains a point of
X \ H1 \ H2. If d  5; X n(H3 [ H4) also contains a point of X \ H1 \ H5. Since
X \ H1 \ H2 6= X \ H1 \ H5 by (ii), these points are dierent. Hence we obtain a
contradiction to (i). So d  4.
(iv) As we have seen above Hi\Hj contains a point which does not lie in Hp[Hq for
any permutation fi; j; p; qg of f1; 2; 3; 4g. By (i) this is the only point of Xn(Hp[Hq).
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Therefore,
X = X \ (H1 [ H2 [ (H3 \ H4)) = X \ (H3 [ H4 [ (H1 \ H2))
= X \ (H1 [ H2 [ (H3 \ H4)) \ (H3 [ H4 [ (H1 \ H2))
=
[
i 6=j
(X \ Hi \ Hj);
and X has six points which correspond to the sets X \ Hi \ Hj n (Hp [ Hq) with
fi; j; p; qg= f1; 2; 3; 4g:
Now we return to the proof of Proposition 3.1. By Lemma 3.2(iii) we only need to
consider the following cases:
Case d  1: Let K be a hyperplane containing P such that mK is the maximum
of mH , H is an arbitrary hyperplane containing P. It is clear that K = H1 if d = 1.
Since t(J )>t1(J ), X is not contained in any line passing through P. Hence K must
contain two points Pu, Pv such that P; Pu; Pv do not lie on a line. Let us assume that
Pu = (0; 1; 0; 0), Pv = (0; 0; 1; 0).
If X K , t(J ) = t2(J ). Put
m0u = mu − i + c1;
m0v = mv − i + c2;
m0i = mi; i 6= u; v:
Since m1      mr  a> i, we have m0i > 0, i = 1; : : : ; r. Put J 0 =}m
0
1
1 \    \}m
0
r
r .
By Proposition 2.3 we can nd t(J 0) hyperplanes L1; : : : ; Lt(J 0) avoiding P such that
L1   Lt(J 0) 2 J 0. Since M 2 }i−c1u \}i−c2v , L1   Lt(J 0)M 2 J . For every j=1; : : : ; t(J 0)
we may write Lj = X0 +Gj for some linear forms Gj 2 }. Then X t(J
0)
0 M 2 J +}i+1.
If t(J 0) = t1(J 0), then
t(J 0) + i  t1(J 0) + a− 1  t1  t:
If t(J 0) = t2(J 0), then
t(J 0) + i =
"
1
2
 
rX
i=1
m0i + 1
!
+ i
#
=
"
1
2
 
rX
i=1
mi + c1 + c2 + 1
!#
 t2  t:
Thus, we get t(J 0)  t − i. Hence X t−i0 M 2 J +}i+1 as desired.
If X 6K , there exists Pw 2 X nK . Then P; Pu; Pv; Pw do not lie on a hyperplane. Let
us assume that Pw = (0; 0; 0; 1). Put
m0u = mu − i + c1;
m0v = mv − i + c2;
m0w = mw − i + c3;
m0i = mi; i 6= u; v; w
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and J 0 =}m
0
1
1 \    \}m
0
r
r . By a similar argument as above we only need to prove that
t(J 0) + i  t. If t(J 0) = t1(J 0), then
t(J 0) + i  t1(J 0) + a− 1  t1  t:
If t(J 0)= t2(J 0), let H be a hyperplane containing P with [(m0H +1)=2]= t2(J
0); where
m0H :=
P
Pi2H m
0
i . If H = K , we have
t2(J 0) + i =

m0K + 1
2
+ i



mK + i + 1
2

 t2  t:
If H 6= K , we have
t2(J 0) + i=

m0H + 1
2

+ i 

mH + 1
2

+ i
max

t1(J ); t3(J )−

2a
3

+ a− 1  t:
If t(J 0) = t3(J 0), then
t(J 0) + i =
"
1
3
 
rX
i=1
m0i + 2
!
+ i
#
=
"
1
3
 
rX
i=1
mi + i + 2
!#
 t3  t:
Thus we get t(J 0) + i  t as desired.
Case d=2: There exist Pu; Pv 2 H1nH2 such that P; Pu; Pv do not lie on a line. For, oth-
erwise the points of X \H1 lie on two lines, whence [(mH1 +1)=2]  [(2t1(J )+1)=2] 
t1(J ); which is a contradition to the assumption [(mH1 +1)=2]>t1(J ): Similarly, there
exist Pw; Pz 2 H2nH1 such that P; Pw; Pz do not lie on a line. Denote by K the hy-
perplane passing through P; Pv; Pz. Then K 6= H1; H2 and Pu; Pw 62 K . Denote by ‘ the
line passing through Pu; Pw. Since Pu; Pw 62 H1\H2, ‘\K 6= fPg. Let Q=‘\K . Then
P; Pu; Pz; Q do not lie on a hyperplane. Let us assume that Pu=(0; 1; 0; 0), Pz=(0; 0; 1; 0)
and Q = (0; 0; 0; 1). Note that P = (1; 0; 0; 0). Since P; Pv; Pz; Q lie on the same hyper-
plane, Pv = (a; 0; b; c). Since Pu; Q; Pw lie on the same line, Pw = (0; d; 0; e). We have
M 2 }i−c1u \}i−c2z \}c2w \}c1v : Put
m0u = mu − i + c1;
m0z = mz − i + c2;
m0v = mv − c1;
m0w = mw − c2;
m0i = mi; i 6= u; z; v; w
and J 0 =}m
0
1
1 \    \}m
0
r
r . By a similar argument as above we only need to prove that
t2(J 0) + i  t. Let H be a hyperplane containing P with [(m0H + 1)=2] = t2(J 0). If
H = H1, we have
t2(J 0) + i =

m0H1 + 1
2
+ i



mH1 + c1 + i − c1 + 1
2

 t2  t:
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If H = H2, we have
t2(J 0) + i 

m0H2 + 1
2

+ i 

mH2 + c2 + i − c2 + 1
2

 t2  t:
If H 6= H1; H2, we have
t2(J 0) + i=

m0H + 1
2

+ i 

mH + 1
2

+ i
max

t1(J ); t3(J )−

2a
3

+ a− 1  t:
Thus we get t2(J 0) + i  t as desired.
Case d=3: By Lemma 3.2(ii) there exist Pu 2 H1\H2, Pv 2 H1\H3, Pw 2 H2\H3.
Also by Lemma 3.2 (ii) we have H1 \ H2 6= H1 \ H3, H1 \ H2 6= H2 \ H3 and
H1 \H3 6= H2 \H3. Note that H1; H2; H3 are dierent hyperplanes containing P. Thus,
P; Pu; Pv; Pw do not lie on a hyperplane. Let us assume that Pu=(0; 1; 0; 0), Pv=(0; 0; 1; 0)
and Pw = (0; 0; 0; 1). We have M 2 }i−c1u \}i−c2v \}i−c3w . Put
m0u = mu − i + c1;
m0v = mv − i + c2;
m0w = mw − i + c3;
m0i = mi; i 6= u; v; w
and J 0=}m
0
1
1 \  \}m
0
r
r . We need to prove that t2(J 0)+ i  t. Let H be a hyperplane
containing P with [(m0H + 1)=2] = t2(J
0). If H = H1, we have
t2(J 0) + i =

m0H1 + 1
2
+ i

=

mH1 + c1 + c2 + 1
2

 t2  t:
If H = H2, we have
t2(J 0) + i =

m0H2 + 1
2
+ i

=

mH2 + c1 + c3 + 1
2

 t2  t:
If H = H3, we have
t2(J 0) + i =

m0H3 + 1
2
+ i

=

mH3 + c2 + c3 + 1
2

 t2  t:
If H 6= H1; H2; H3, we have
t2(J 0) + i=

m0H + 1
2

+ i 

mH + 1
2

+ i
max

t1(J ); t3(J )−

2a
3

+ a− 1  t:
Thus we get t2(J 0) + i  t as desired.
Case d= 4: By Lemma 3.2 (iv), X has exactly six points. We may assume that
X = fPi1 ; Pi2 ; Pi3 ; Pi4 ; Pi5 ; Pi6g
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with Pi1 2 H1 \ H2, Pi2 2 H1 \ H3 Pi3 2 H2 \ H3 and Pi4 2 H1 \ H4, Pi5 2 H2 \ H4,
Pi6 2 H3\H4. By Lemma 3.2 (ii) we have H1\H2 6= H1\H3, H1\H2 6= H2\H3 and
H1 \ H3 6= H2 \ H3. Therefore, P; Pi1 ; Pi2 ; Pi3 do not lie on a hyperplane, let us assume
that Pi1 = (0; 1; 0; 0), Pi2 = (0; 0; 1; 0) and Pi3 = (0; 0; 0; 1). Note that P = (1; 0; 0; 0).
Since P; Pi1 ; Pi2 ; Pi4 lie on the hyperplane H1; Pi4 = (a0; a1; a2; 0). Since P; Pi1 ; Pi3 ; Pi5 lie
on the hyperplane H2; Pi5 = (b0; b1; 0; b2). Since P; Pi2 ; Pi3 ; Pi6 lie on the hyperplane
H3; Pi6 = (c0; 0; c2; c3). Then M 2 }i−c1i1 \}i−c2i2 \}i−c3i3 \}c3i4 \}c2i5 \}c1i6 : Put
m0i1 = mi1 − i + c1;
m0i2 = mi2 − i + c2;
m0i3 = mi3 − i + c3;
m0i4 = mi4 − c3;
m0i5 = mi5 − c2;
m0i6 = mi6 − c1
and J 0=}
m0i1
i1 \  \}
m0i6
i6 . We need to prove that t2(J
0)+ i  t. Let H be a hyperplane
containing P with [(m0H + 1)=2] = t2(J
0). If H = Hi, i 2 f1; 2; 3g, then by a similar
argument as above we get t2(J 0) + i  t. If H = H4, we have
t2(J 0) + i =

mi4 − c3 + mi5 − c2 + mi6 − c1 + 2i + 1
2

 t2  t:
If H 6= H1; H2; H3; H4, we have
t2(J 0) + i=

m0H + 1
2

+ i 

mH + 1
2

+ i
max

t1(J ); t3(J )−

2a
3

+ a− 1  t:
Thus we get t2(J 0) + i  t as desired.
The proof of Proposition 3.1 is now complete.
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